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Abstract. We calculate pion-pion scattering lengths and sigma, rho and a1 decay widths from a
gauged linear sigma model with two flavours and its globally invariant generalisation.
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INTRODUCTION
Quantum Chromodynamics (QCD) at low energies can be successfully described by
means of effective approaches which display the same global symmetries of QCD, most
notably the chiral SU(N f )r × SU(N f )l symmetry, where N f is the number of flavors.
Effective models are expressed in terms of hadronic degrees of freedom and not in
terms of quarks and gluons. Spontaneous breaking of chiral symmetry implies that
the pseudoscalar mesons (i.e., the pions) emerge as almost massless Goldstone bosons
and the scalar states which are the corresponding chiral partners acquire a large mass.
We distinguish between the nonlinear and linear realizations of chiral symmetry: while
in the nonlinear case the scalar excitations are integrated out and only pseudoscalar
mesons, interacting via derivative couplings, are left, in the linear case both scalar and
pseudoscalar degrees of freedom are present.
In this paper we work with the latter by using a generalized linear sigma model in
which, besides scalar and pseudoscalar mesons, also vector and axial-vector degrees
of freedom are included. We first revisit the hypothesis of local chiral symmetry as de-
scribed in Refs. [1, 2] and show that a successfull description of pion-pion scattering and
some important decay widths cannot be achieved simultaneously in this framework. As
outlined in Ref. [3], allowing for global chiral symmetry represents a viable extension:
a first study in this direction is performed here in the case of N f = 2.
The scalar fields entering the model are interpreted as quark-antiquark states in agree-
ment with large-Nc counting rules. We then have two possible scenarios: (a) the res-
onances below 1 GeV f0(980), a0(980), k(800) and f0(600) represent the quarkonia
nonet. Thus, the states f0(600) and a0(980) are identified with the σ and the a0 fields of
our N f = 2 model. (b) The quarkonia are heavier than 1 GeV: the resonances f0(1370),
f0(1500), f0(1710), a0(1450), K0(1430) describe a full nonet, in which the isoscalar
states mix with the glueball [4]. In the case N f = 2 the resonances f0(1370) and a0(1450)
correspond to the σ and the a0 fields. The scalars below 1 GeV, whose spectroscopic
wave functions possibly contain a dominant tetraquark or mesonic molecular contribu-
tion in this scenario [5, 6], may be introduced in the model as extra scalar fields. In this
work we briefly outline how we intend to explore both scenarios (a) and (b) in the future.
THE MODEL AND ITS IMPLICATIONS
The gauged linear sigma model: The Lagrangian of the gauged linear sigma model with
U(2)R×U(2)L symmetry reads [1]:
L = Tr[(DµΦ)†(DµΦ)]−m20 Tr(Φ†Φ)−λ1[Tr(Φ†Φ)]2−λ2 Tr(Φ†Φ)2
− 1
4
Tr[(Fµνl )
2 +(Fµνr )
2]+
m21
2
Tr[(Aµl )
2 +(Aµr )2]+Tr[H(Φ+Φ†)]
+c(detΦ+detΦ†) , (1)
with Φ = (σ + iη) t0 + (~a0 + i~pi) ·~t (scalar and pseudoscalar mesons), Aµl,r = (ωµ ±
f µ1 ) t0 +(~ρµ ±~aµ1 ) ·~t (vector and axialvector mesons), where t0,~t are the generators of
U(2); DµΦ= ∂ µ Φ+ ig(ΦAµl −Aµr Φ) and Fµνl,r = ∂ µAνl,r−∂ ν Aµl,r− ig [Aµl,r,Aνl,r]. Explicit
symmetry breaking is described by the term Tr[H(Φ+Φ†)] ≡ hσ(h = const.) and the
chiral anomaly by the term c(detΦ+ detΦ†) [7]. Note that the local symmetry in the
Lagrangian (1) is explicitly broken to a global symmetry by non-vanishing vector meson
masses. The respective term gives rise to the celebrated current-field proportionality [1].
The explicit form of the Lagrangian after spontaneous symmetry breaking can be
found, e.g., in Ref. [8]. Note that all the parameters in the Lagrangian are fixed by the
tree-level meson masses and the pion decay constant fpi .
Scattering lengths: In order to calculate the scattering lengths, at tree level one has to
compute the amplitude corresponding to the diagrams shown in Fig. 1.
FIGURE 1. Tree-level pion-pion scattering (dashed line: pions; solid line: sigma; wavy line: rho
mesons)
Partial wave decomposition [9] then leads to the following expressions for the scat-
tering lengths in units of the pion mass:
a00 =
m2pi
32pi f 2pi
[
7+ 2Z2
m2pi
m2σ
(
1− 2Z2
)2
+ 3Z2
m2pi
m2σ−4m2pi
(
1+ 2Z2
)2]
, (2)
a20 =− m
2
pi
16pi f 2pi
[
1− 1Z2
m2pi
m2σ
(
1− 2Z2
)2]
(3)
with Z = ma1
mρ
and fpi = 92.4 MeV. Note that the PDG value is ma1 = 1230 MeV whereas
the KSFR [10] rule suggests ma1
!
=
√
2mρ = 1097 MeV.
Given the data on scattering lengths: a00 = 0.224± 0.03 and a20 = −0.037± 0.024
(NA48/2 Cusp) [11]; a00 = 0.233±0.023 and a20 =−0.047±0.015 (NA48/2 Ke4) [11],
it follows from Eqs. (2) and (3) that within the framework of the Lagrangian (1) a light
scalar meson with the mass mσ ≃ (315− 345) MeV is favoured, depending on the
choice of a1 mass and thus the choice of the parameter Z.
Decay widths: The results for the decay widths of the sigma and the rho into two
pions that follow from the Lagrangian (1) fail to reproduce experimental results [12].
The calculation of the σ → pipi decay width yields
Γσ→pipi =
3
32pi
m3σ
Z6 f 2pi
√
1−
(
2mpi
mσ
)2[
1+
m2pi
m2σ
(Z2−2)
]2
.
One obtains Γσ→pipi < 107 MeV for mσ < 800 MeV, clearly too small when compared
to the PDG value which ranges between 600 MeV and and 1.2 GeV.
The decay width of the ρ into two pions is given by
Γρ→pipi =
g2
192pi mρ
[
1−
(
2mpi
mρ
)2] 32 (
1+ 1
Z2
)2
; g =
√
Z2−1
Z
mρ
fpi ≈ 6.51.
Then the value Γρ→pipi = 86.5 MeV is obtained: almost a factor of two lower than the
experimental value (149.4.± 1.0)MeV. Additionally, it also follows from Eq. (1) that
Γa1→ρpi ≈ 300 MeV, with the experimental value at (250−600)MeV.
IMPROVEMENTS OF THE LAGRANGIAN
A possible solution to the problem of the decay widths mentioned in the previous
section was discussed in Refs. [1, 2, 13] where terms of higher dimension have been
added to the Lagrangian.
However, as in Ref. [3] we follow a different strategy: given that i) the local symmetry
of the Lagrangian (1) is already broken to a global symmetry, and ii) there seems to be
no reason why an effective field theory should have a local chiral symmetry if the same
symmetry in the underlying theory (QCD) is a global one [3], one may promote the
local symmetry in the Lagrangian (1) to a global one.
For a global chiral symmetry, up to scaling dimension four the following additional
terms appear in the Lagrangian (1): Tr(Φ†Φ)Tr(|Aµl |2 + |Aµr |2), Tr(ΦAµ lΦ†Aµr ) and
Tr(|ΦAµr |2 + |Aµl Φ|2) [14, 15, 16]. The consequences for the pion scattering lengths
and decay widths arising from the globally invariant Lagrangian are under inves-
tigation [17]. In this work we will restrict our discussion to noticing that global
invariance implies mathematically that the coupling constant in the covariant derivative
DµΦ = ∂ µ Φ+ ig1(ΦAµl −Aµr Φ) no longer needs to be the same as the one appearing
in the field strength tensor Fµνl,r = ∂ µ Aνl,r− ∂ ν Aµl,r− ig2 [Aµl,r,Aνl,r]; the ensuing division
of a single coupling constant (g) into two different ones means that the scalar-vector
coupling (g1) is no longer the same as the vector-vector coupling (g2) and at the same
time it provides us with a new parameter needed to adjust the ρ → pipi decay width to
the experimentally very precisely (within ±1.0 MeV) observed value.
A recalculation of the ρ → pipi width then yields
Γρ→pipi =
mρ
48pi
[
1−
(
2mpi
mρ
)2] 32 [
g1− g22
(
1− 1
Z2
)]2
.
Using the PDG value Γρ→pipi = 149.4 MeV one obtains1 g2 = 1.77.
In the present model, the value of the a1 → ρpi decay width depends on the value
of the a1 mass. Our results indicate that the a1 resonance is broad (in accordance with
the experiments); the exact value is Γa1→ρpi = 516 MeV for g2 = 1.77 and ma1 = 1097
MeV (KSFR rule), and around 1.3 GeV for ma1 = 1230 MeV. Improving the very large
decay width value of a1 at ma1 = 1230 MeV is currently under investigation [17].
The value of the σ → pipi decay width at threshold is not affected by the introduction
of the new coupling constant g2, hence it is still too small. To correct this, one or both
of the following two steps may be taken:
• Investigating all globally symmetric terms with no new states added [17]; the σ
field is then interpreted as f0(600) and a0 field as a0(980) and both are treated as
quarkonia.
• Assuming that the masses of scalar quarkonia are above 1 GeV, re-interpreting the
σ field as f0(1370) and a0 field as a0(1450) and adding new terms corresponding
to f0(600) and a0(980) (similar to the work in Refs. [6]).
In this work we have taken the latter step and as a first solution to the σ decay width
problem we have added a scalar-pion interaction term Lg˜,S = g˜ fpi S
(∂µ~pi
fpi
)2
, where S is
now interpreted as f0(600), to the Lagrangian of Eq. (1). Therefore, two new parameters
are introduced (g˜ and mS) that may be adjusted to the two scattering lengths a00 and a20.
Then the value of the pion-pion f0(600) decay width may be calculated. A recalculation
of the scattering lengths yields
a0new0 = a
0
0 +
g˜2 m4pi
pi
(
1
m2S
− 3
2
1
4m2pi −m2S
)
, a2new0 = a
2
0 +
g˜2
pi
m4pi
m2S
,
with a00 and a20 from (2) and (3) respectively. Our best values for the f0(600) mass and
decay width are at mS = 608 MeV and ΓS→pipi = 466 MeV (obtained for a00 = 0.206,
a20 = −0.0295 and g3 = 0.645) which is within experimental values as quoted by the
PDG [12]. This also means, however, that the quoted scattering lengths are within
1 There also is a second solution g2 = 41.48, which, however, leads to an unphysical (i.e., too large) value
of the a1 decay width into rho and pion.
NA48/2 Cusp data and outside of NA48/2 Ke4 data [11]. This issue will be addressed in
the future [17].
CONCLUSIONS AND OUTLOOK
A linear sigma model with vector and axial-vector mesons has been utilized to study
important processes of low-energy QCD. The necessity and the consequences of
abandoning local chiral symmetry and considering globally symmetric terms have been
discussed. In the future, a complete study of globally symmetric terms up to fourth order
and their influence on experimental results is required. In this way, we plan to address
relevant issues concerning vacuum phenomenology, such as the nature of scalar mesons
and the inclusion of the nucleon field together with its chiral partner [18]. Moreover, we
plan to extend the work of Ref. [8] in order to consider chiral symmetry restoration at
nonzero temperature.
ACKNOWLEDGMENTS
The authors thank S. Strüber for valuable discussions during the preparation of this work.
REFERENCES
1. S. Gasiorowicz and D. A. Geffen, Rev. Mod. Phys. 41, 531 (1969).
2. P. Ko and S. Rudaz, Phys. Rev. D 50, 6877 (1994).
3. M. Urban, M. Buballa and J. Wambach, Nucl. Phys. A 697, 338 (2002).
4. C. Amsler and F. E. Close, Phys. Lett. B 353, 385 (1995); W. J. Lee and D. Weingarten, Phys.
Rev. D 61, 014015 (2000); F. E. Close and A. Kirk, Eur. Phys. J. C 21, 531 (2001); F. Gia-
cosa, T. Gutsche, V. E. Lyubovitskij and A. Faessler, Phys. Rev. D 72, 094006 (2005); F. Giacosa,
T. Gutsche, V. E. Lyubovitskij and A. Faessler, Phys. Lett. B 622, 277 (2005).
5. R. L. Jaffe, Phys. Rev. D 15 (1977) 267; R. L. Jaffe, Phys. Rev. D 15 (1977) 281; L. Maiani,
F. Piccinini, A. D. Polosa and V. Riquer, Phys. Rev. Lett. 93 (2004) 212002; F. Giacosa, Phys.
Rev. D 74 (2006) 014028.
6. A. H. Fariborz, R. Jora and J. Schechter, Phys. Rev. D 72 (2005) 034001; A. H. Fariborz, R. Jora and
J. Schechter, Phys. Rev. D 76 (2007) 114001; F. Giacosa, Phys. Rev. D 75 (2007) 054007.
7. G. ’t Hooft, Phys. Rept. 142, 357 (1986).
8. S. Strüber and D. H. Rischke, arXiv:0708.2389 [hep-th].
9. B. Ananthanarayan, G. Colangelo, J. Gasser and H. Leutwyler, Phys. Rept. 353, 207 (2001)
[arXiv:hep-ph/0005297].
10. K. Kawarabayashi and M. Suzuki, Phys. Rev. Lett. 16, 255 (1966); Riazuddin and Fayyazuddin,
Phys. Rev. 147, 1071 (1966).
11. R. Wanke, arXiv:0712.0544 [hep-ex].
12. W.-M.Yao et al. [Particle Data Group], J. Phys. G 33, 1 (2006) and 2007 partial update for the 2008
edition.
13. U. G. Meissner, Phys. Rept. 161, 213 (1988).
14. J. Boguta, Phys. Lett. B 120, 34 (1983).
15. O. Kaymakcalan and J. Schechter, Phys. Rev. D 31, 1109 (1985).
16. R. D. Pisarski, arXiv:hep-ph/9503330.
17. D. Parganlija, F. Giacosa and D. H. Rischke, work in progress.
18. S. Wilms, F. Giacosa and D. H. Rischke, arXiv:nucl-th/0702076.
